Introduction
In recent times, bordifications of finitely generated groups and studying subgroups with respect to given bordification have created a lot of interest. Gromov boundaries of word hyperbolic groups are well studied object. A subgroup H of a word hyperbolic group G is said to be k-quasiconvex if geodesics with end points in H lie in k-neighborhood of H. In terms of action of H on the Gromov boundary of G, it has been proved by Swenson [14] , H is quasiconvex if and only if the action of H on the weak hull of limit set Λ(H) is cocompact. For an arbitrary finitely generated recent efforts have been made to define a boundary which is generalisation of Gromov boundary. A geodeisc ray γ in a space is said to be Morse if for any K ≥ 1, ǫ ≥ 0 there exists a constant N = N (K, ǫ) such that any (K, ǫ)-quasigeodesic with end points on γ lie in N -neighborhood of γ. Cordes in [6] defined boundary of a proper geodesic space by taking all asymptotic Morse rays starting from a fixed point and it was called Morse boundary. Cordes in [5] equipped the boundary with direct limit topology motivated by the contracting Boundary of CAT(0) spaces defined by Charney and Sultan in [4] . Direct limit topology on the Morse boundary has several drawbacks, in general it is not even first countable and hence not metrizable. To rectify this situation Cashen and Mackay in [3] introduced a new topology on the Morse boundary and it was called topology of fellow travelling quasi-geodesics. They showed that Morse boundary of a finitely generated group with this topology is metrizable. A subgroup H of a finitely generated group G is said to be stable subgroup if the inclusion i : H ֒→ G is quasi-isometric embedding and any pair of points of H can be connected by a Morse quasigeodesic. Let ∂ DL M G denote the Morse boundary of a finitely generated group G with direct limit topology. Cordes in [6] using this direct limit topology introduced the notion of boundary convex cocompact subgroups of finitely generated groups. A finitely generated subgroup H of G is said to be boundary convex cocompact if the limit set Λ(H) taken in ∂ DL M G is a non-empty compact set and action of H on the weak hull of Λ(H) is cobounded. Cordes in [6] proved that a finitely generated subgroup H of a finitely generated group G is stable if and only if H is boundary convex cocompact in G.
Osin in [12] introduced the notion of acylindrically hyperbolic groups. An action of a group G on a metric space (X, d) is said to be acylindrical if for every ǫ > 0 there exists R, N > 0 such that if d(x, y) > R then there are at most N elements g of G such that d(x, gx) < ǫ and d(y, gy) < ǫ. A group is called acylindrically hyperbolic if it admits a non-elementary acylindrical action on a hyperbolic space. Recently Bin Sun in [13] gave a dynamical characterization of acylindrically hyperbolic groups in the line of dynamical characterization of hyperbolic groups (work of Bowditch [2] ,Freden [9] ,Tukia [15] ) and relatively hyperbolic groups(work of Yaman [16] ). An action of a group G on a compact metrizable topological space M by homeomorphism is called a convergence action if the induced diagonal action on space of distinct triples
is properly discontinuous. A convergence group G is called elementary if it preserves setwise a nonempty subset of M with at most two elements otherwise non-elementary. Bin Sun in [13] proves that non-elementary convergence groups are acylindrically hyperbolic (See Corollary 1.3 of [13] ). We denote the Morse boundary of a finitely generated group G with fellow travelling quasigeodesics topology by ∂ Theorem 1.1. Given a finitely generated group G. Let H ≤ G be a finitely generated subgroup such that Λ(H) ⊆ ∂ F Q c G has at least three elements. If Λ(H) is compact subset then the action of H on space of distinct triples Θ 3 (Λ(H)) is properly discontinuous.
One immediate corollary we can deduce from above by applying Bin sun's result (Corollary 1.3 of [13] ) is following: Corollary 1.1.1. Any finitely generated subgroup H of a finitely generated group G with Λ(H) compact and action of H on Λ(H) non-elementary implies that H is acylindrically hyperbolic group.
Morse & Contracting Quasi-geodesics
Definition 2.1.
(1) (Quasi-isometry): Let (X, d X ) and (Y, d Y ) be two metric spaces. A map f : X → Y is said to be a (K, C)-quasiisometric embedding if following holds:
In addition if there exists
where I is any interval in R with usual metric, is (
We call N the M orse Gauge of γ; we note that gauge is just a function and need not be associated to quasi-geodesic.
A function ρ is sublinear if it is non-decreasing, eventually non-negative, and lim r→∞ ρ(r)/r = 0. 
} be closest point projection to γ(I). Then, for sublinear function ρ, we say that γ is ρ-contracting if for all x and y in X:
We say a quasi geodesic γ is contracting if it is ρ-contracting for some sublinear function ρ.
Note: In the above two definitions one can take any subset Z of X instead of quasi-geodesics. (1) Z is Morse.
(2) Z is contracting. Moreover,the equivalence is effective, in the sense that the defining function of one property determines the defining functions of the other.
Example of contracting(or Morse) quasi geodesics include quasi-geodesics in hyperbolic spaces, axis of pseudo-Anosov mapping classes in Teichmuller space( [10] ) etc.
Morse-Boundary and Topology on it
Definition 3.1. Given a sublinear function ρ and constants L ≥ 1 and
Notation (1) The set of contracting geodesic rays in ζ is non-empty.
(2) There is a sublinear function:
Here the supremum is taken over geodesics α ∈ ζ and points x and y such that
Definition 3.5. (Cashen-Mackay Topology, [3] ): Let X be a proper geodesic metric space. Take ζ ∈ ∂ c X. Fix a geodesic ray α ζ ∈ ζ. For each r ≥ 1 define U (ζ, r) to be the set of points η ∈ ∂ c X such that for all L ≥ 1 and A ≥ 0 and every continuous (L, A) -quasi-geodesic ray β ∈ η we have
The contracting boundary equipped with this topology was also called topology of fellow travelling quasigeodesics by Cashen-Mackay [3] and denoted by ∂ F Q c X.
The contracting boundary of a proper geodesic metric space provides a bordification of X byX := X ∪ ∂ c X as follows. For x ∈ X take a neighborhood basis for x to be metric balls about x. or ζ ∈ ∂ c X take a neighborhood basis for ζ to be setsÛ (ζ, r) consisting of U (ζ, r) and points x ∈ X such that we have d(γ, N c r o∩α ζ ) ≤ k(ρ ζ , L, A) for every L ≥ 1, A ≥ 0, and continuous (L, A)-quasigeodesic segment γ with endpoints o and x. Let h = h(ρ ζ , L, A) be a function such that h ≥ k. Let U h (ζ, r) be the set of points η ∈ ∂ c X such that for all L ≥ 1 and A ≥ 0 and every continuous (L, A) -quasi-geodesic ray β ∈ η we have
is also a neighborhood of ζ in Cashen-Mackay topology. If G is a finitely generated group acting properly discontinuously on a proper geodesic metric space X with basepoint o we define the limit set Λ(G) := Go\Go, the topological frontier of orbit of o under the G-action inX.
Theorem 3.7. Let X be a proper geodesic metric space with ∂ c X = ∅. Then sequence of bi-infinite geodesic γ n corresponding to sequence of distinct pairs (ζ n , η n ) in ∂ c X such that ζ n → ζ, η n → η, ζ = η in Cashen-Mackay topology,then γ n passes through a bounded set.
Let γ be a geodesic joining η and ζ. Take a point o on γ. Consider p n to be a nearest point projections from o to γ n . We will prove that p n lies in a bounded set. Let
, where [o, p n ] is a geodesic from o to p n , and [p n , ζ n ), [p n , η n ) are segments of γ n after p n in direction of ζ n , η n respectively. The paths α n and α ′ n are (3, 0) quasi-geodesics. Since ζ n → ζ, η n → η in Cashen-Mackay topology, for r ≥ 1 there exists N (= N (r)) such that for all n ≥ N (3.1) d{α n , γ((r, ∞))} ≤ k , d{α ′ n , γ((−∞, −r))} ≤ k Case 1: Let points of α n and α ′ n which are k-close to γ((r, ∞)) and γ((−∞, −r)) respectively lie on segments [p n , ζ n ) and [p n , η n ) respectively for all but finitely many n. Let these points be x n , y n . Then by using Morse property of γ, γ| [−r,r] lie in a bounded Hausdorff distance from the portion of γ n between x n and y n . This bound depends only on the Morse function of γ and k. Thus, p n 's lie in a bounded set. Case 2: If possible, let us assume that d(o, p n ) → ∞. Suppose the points of α n which are k-close to γ ((r, ∞) ((r, ∞) ) and α ′ n is k-close to γ((−∞, −r)). As α ′ n is k-close to γ((−∞, −r)), there exists point x n ∈ α ′ n and
n to x n and y n to y ′ n respectively, [x n , y n ] are segments of α ′ n between x n ,y n . Clearly β r n is (3, 2k) quasi-geodesic joining points x ′ n to y ′ n . As α ′ n are (3, 0) quasi geodesics and d(o, p n ) → ∞ we will get some n such that d(β r n , γ{[−r, r]} > r − k. This is contradiction to the fact that γ is Morse. Hence the claim.
Lemma 3.8. Let X be proper geodesic metric space with non empty contracting boundary. Let ζ n be a sequence in ∂ c X converging to ζ in CashenMackay Topology. Let o be a fixed base point in X and γ n sequence of continuous (K, ǫ)-quasi geodesics starting from o and representing points ζ n in the boundary. Let p n be a point on γ n such that d(o, p n ) → ∞. Then p n converges to ζ in Cashen Mackay Topology.
Proof. Let β n be any continuous (L, A) quasi geodesic joining points o and p n . Let α ζ be a geodesic starting from o representing point ζ in the boundary. As ζ n converges to ζ in Cashen Mackay topology, so for all r ≥ 1 there exists N = N (r) such that
. Now for any γ n satisfying the above condition we have points x n on α ζ [r, ∞), point y n on γ n such that d(x n , y n ) ≤ k. The portion of γ n between o, y n and the portion of α ζ between 0, x n are at a bounded Hausdorff distance from each other, the bound depends only on ρ ζ , K, ǫ. Now if p n lie between o and y n in γ n then there exists
Let us assume that p n lie in γ n after y n . Let z n be a nearest point projection for y n on β n . Consider subsegment of γ n between o to y n , this sub segment lies in a bounded Hausdorff with sub segment of α ζ between o to x n (see Proposition 3.1). By Lemma 3.2 subsegment between o to x n on α ζ is uniformly contracting for some sublinear function ρ where ρ ≍ ρ ζ and by previous arguement subsegment between o to y n on γ n is uniformly contracting where contraction function is determined by contraction function ρ ζ , K and ǫ not on r or n. Now consider (2L + 1, A)-quasi geodesics between o to y n as follows, first take sub segments of β n between o to z n then travel from z n to y n by any geodesic. As every sub segment between o to y n on γ n is uniformly contracting, this imply that
Approximate Barycenters
Let G be a finitely generated group. Let C A (G) be the Cayley graph of G with respect to some finite generating set A. Consider |∂ 
Main result
Let G be a finitely generated group G. Cashen-Mackay in [3] proved that the Morse boundary ∂ F Q c G is a metrizable space. Let H ≤ G be a finitely generated subgroup such that Λ(H) ⊆ ∂ F Q c G. Then the limit set Λ(H) is also metrizable by equipping it with subspace topology inherited from ∂ F Q c G. Let us assume that Λ(H) contains three distinct points. Then the space Θ 3 (Λ(H)) of distinct triples of Λ(H) is non-empty.
Theorem 5.1. If Λ(H) ⊆ ∂ F Q c G is compact and Λ(H) contains at least three distinct points, then the action of the subgroup H on Θ 3 (Λ(H)) is properly discontinuous.
Proof. Towards contradiction assume this is not the case. Then there exists K ⊆ Θ 3 (Λ(H)) compact and sequence {h n } of distinct elements of H such that h n K ∩ K = ∅. This implies that there exists sequence of points {(a n , b n , c n )} and {(a ′ n , b ′ n , c ′ n )} in K such that h n (a n , b n , c n ) = (a ′ n , b ′ n , c ′ n ). Since Θ 3 (Λ(H)) is metric space and K ⊆ Θ 3 (Λ(H)) is compact, by sequential compactness {(a n , b n , c n )} of K, up to a subsequence, {(a n , b n , c n )}
